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There are efficient many-body methods, such as the (symmetry-restored) generator coordinate
method in nuclear physics, that formulate the A-body Schro¨dinger equation within a set of non-
orthogonal many-body states. Solving the corresponding secular equation requires the evaluation of
the norm matrix and thus the capacity to compute its entries consistently and without any phase
ambiguity. This is not always a trivial task, e.g. it remained a long-standing problem for methods
based on general Bogoliubov product states. While a solution to this problem was found recently
in Ref. [L. M. Robledo, Phys. Rev. C79, 021302 (2009)], the present work introduces an alternative
method that can be generically applied to other classes of states of interest in many-body physics.
The method is presently exemplified in the case of Bogoliubov states and numerically illustrated on
the basis of a toy model.
Introduction. The A-body Schro¨dinger equation is
most often (approximately) solved by representing it on
a (truncated) orthonormal basis of the A-body Hilbert
space HA. Some approaches, however, represent the
A-body Schro¨dinger equation on a finite set of non-
orthogonal states of HA. At the price of losing the or-
thogonality, it permits to select fewer states on the basis
of their expected physical relevance. The set may even
exceed HA by employing states mixing vectors belonging
to Hilbert spaces associated with different particle num-
bers, i.e. states that are genuine vectors of Fock space
F . This is for instance the case of the generator co-
ordinate method (GCM) in use in nuclear physics [1–
4] and of symmetry restoration calculations employed
in nuclear physics [1–4] and quantum chemistry [5–8].
In both methods, the Hamilton operator is diagonalized
in the finite-dimensional vector space spanned by a set
of non-orthogonal Bogoliubov product states. The secu-
lar equation to be solved requires the evaluation of the
norm matrix constructed from overlaps between all mem-
bers of the set. Furthermore, the recently developped
particle-number-restored Bogoliubov coupled-cluster and
particle-number-restored many-body perturbation theo-
ries [9] also build on a manifold of non-orthogonal Bogoli-
ubov states. The norm kernels at play are more general as
they explicitly incorporate many-body correlations and
reduce to the mere overlap between two non-orthogonal
Bogoliubov states whenever such correlations are omit-
ted. Last but not least, the efficient computation of over-
laps constitutes a key element of quantum monte carlo
(QMC) approaches, especially when they rely on more
elaborate walkers and/or trial states than Slater deter-
minants [10–13].
The closed-form evaluation of the overlap between
many-body states constitutes a long-standing prob-
lem. For instance, while the overlap between two non-
orthogonal A-body Slater determinants has long been
known to be computable as a determinant [14], the ef-
ficient and unambiguous1 calculation of the overlap be-
tween two arbitrary Bogoliubov quasiparticle states has
only become available recently as the Pfaffian of a skew-
symmetric matrix [16–18].
In this context, we presently propose a closed-form ex-
pression for the overlap between arbitrary many-body
states and implement it in the context of GCM calcula-
tions based on a set of Bogoliubov states. All pertinent
technical details related to the latter case can be found
in Ref. [19]. The application to other classes of states in
use in many-body physics remains to be investigated in
the future.
Objective. We consider the situation where the static
A-body Schro¨dinger equation is represented on a set of
N (a priori non-orthogonal) many-body states
M≡ {|Φk〉, k = 1 . . . , N} . (1)
The eigenvectors of the Hamiltonian H are expanded in
terms of the states of M according to
|Ψn〉 ≡
N∑
k=1
fnk|Φk〉 , (2)
where fnk are complex numbers. The corresponding sec-
ular equation takes the form of a generalized eigenvalue
problem
Hfn = EnN fn , (3)
1 In general, the well-known Onishi formula [15] can provide the
norm of the overlap but not its complex phase.
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2where fn is the weight column matrix, i.e. (fn)k ≡ fnk,
and where the norm and Hamiltonian hermitian matrices
are made out of N(N + 1)/2 independent elements
Nkl ≡ 〈Φk|Φl〉 , (4a)
Hkl ≡ 〈Φk|H|Φl〉 , (4b)
respectively. Solving Eq. (3) gives access to energies En
and weigths fn for states |Ψn〉. Typically, such a general-
ized eigenvalue problem is addressed by first diagonaliz-
ing the norm matrix N before solving a standard eigen-
value problem in the (possibly smaller) orthonormal basis
built from the norm eigenvectors with non-zero eigenval-
ues. A key step of the many-body calculation is thus
the consistent computation of the N(N + 1)/2 indepen-
dent entries of the norm matrix, including their complex
phase.
Master formulae. Given an arbitrary pair of states
(|Φk〉, |Φl〉) belonging to M, we assume that a unitary
transformation linking both states is either known or can
be extracted under the form
|Φl〉 ≡ eiS[k,l]|Φk〉 , (5)
where S[k, l] is a hermitian operator. Based on this sole
hypothesis, an auxiliary set connecting both states is in-
troduced as
M[k, l] ≡ {|Φkl(θ)〉 ≡ eiθS[k,l]|Φk〉 , θ ∈ [0, 1]} , (6)
such that |Φkl(0)〉 = |Φk〉 and |Φkl(1)〉 = |Φl〉. Consider-
ing an arbitrary many-body bra 〈Θ|, the quantity
nkl[〈Θ|, θ] ≡ 〈Θ|Φkl(θ)〉〈Θ|Φk〉 (7)
satisfying nkl[〈Θ|, 0] = 1 is defined along the auxiliary
manifold. Differentiating it with respect to θ leads to
d
dθ
nkl[〈Θ|, θ] = i 〈Θ|S[k, l]|Φkl(θ)〉〈Θ|Φk〉 . (8)
Assuming that nkl[〈Θ|, θ] 6= 0 along M[k, l], one divides
both sides of Eq. (8) by it and integrates the correspond-
ing first-order differential equation between 0 and θ to
obtain
nkl[〈Θ|, θ] = ei
∫ θ
0
dφ skl[〈Θ|,φ] , (9)
where the off-diagonal linked-connected kernel [9, 20] of
the operator S[k, l] defined along the manifold M[k, l]
skl[〈Θ|, θ] ≡ 〈Θ|S[k, l]|Φkl(θ)〉〈Θ|Φkl(θ)〉 , (10)
is unambiguous in the sense that it is independent of the
relative phase between |Φk〉 and |Φl〉. Equations (9)-(10)
constitute the master formulae repeatedly used below to
access the norm matrix (Eq. (4a)).
Phase convention. The normalized states belong-
ing to M are all individually defined up to a phase
that must not influence the computation of observables.
This freedom must be explicitly controlled such that the
N(N + 1)/2 independent entries to the norm matrix are
computed consistently. This relates to fixing the relative
phases of the states in a synchronized fashion, which ef-
fectively impacts the definition of each operator S[k, l].
This can be done by specifying the phase each member
of M entertains with a common known state of refer-
ence generically denoted as |Φ¯〉. Among many possibili-
ties, a natural and practical choice consists of picking this
pivot state within M itself and requiring that all states
ofM have the same phase relative to it. Accordingly, we
choose |Φ¯〉 ≡ |Φ1〉, although any other state ofM would
be equally appropriate, and impose that
Arg(〈Φ1|Φ1〉) = Arg(〈Φ1|Φ2〉) . . . = Arg(〈Φ1|ΦN 〉) = 0 ,
given that 〈Φ1|Φ1〉 is real.
Algorithm. The evaluation of the N(N+1)/2 indepen-
dent entries to the norm matrix follows three successive
steps
1. The N diagonal elements Nkk are trivially obtained
by normalizing all members of the set, i.e. by im-
posing that 〈Φk|Φk〉 = 1 for k = 1, . . . , N .
2. The N − 1 remaining elements of the first row are
computed on the basis of the N−1 operators S[1, l].
Applying Eq. (9) for k = 1, 〈Θ| ≡ 〈Φ1| and θ = 1,
one obtains
N1l
N11 = e
i
∫ 1
0
dφ s1l[〈Φ1|,φ] , (11)
where s1l[〈Φ1|, θ] runs over the manifold M[1, l]
and is defined for the bra 〈Φ1|. The phase con-
vention stated above constrains the pure number
entering the definition of S[1, l] according to
<e
∫ 1
0
dφ s1l[〈Φ1|, φ] = 0 , (12)
such that N1l is effectively real.
3. Applying Eq. (9) again for k = 1 but now setting
〈Θ| ≡ 〈Φm|, 1 < m < l ≤ N , the remaining (N −
1)(N−2)/2 independent overlaps Nml are obtained
consistently for θ = 1 via
Nml
Nm1 = e
i
∫ 1
0
dφ s1l[〈Φm|,φ] , (13)
where the off-diagonal kernel of S[1, l] still runs over
the manifoldM[1, l] but now involves the bra 〈Φm|
rather than 〈Φ1|. Since Nm1 = N1m is among the
N − 1 overlaps computed in step 2, Eq. (13) com-
pletes the norm matrix. While the diagonal, the
first row and the first column of the norm matrix
are real, the remaining entries are a priori complex.
3Each entry Nml, including its complex phase, has been
powerfully expressed in terms of the integral of an off-
diagonal kernel of the operator S[1, l] along the auxil-
iary manifold connecting |Φl〉 to |Φ1〉. In essence, the
rationale of the method is to commute the computation
of a pure overlap into the computation of the linked-
connected kernel of an operator that has no phase ambi-
guity. Of course, the usefulness of the method relies on
our ability to compute such an operator kernel, which it-
self depends on the nature of the many-body states mak-
ing up M. More specifically, the character of |Φ1〉 and
|Φl〉 determines the nature of the operator S[1, l] driv-
ing their unitary connection along with our capacity to
extract it and compute efficiently its off-diagonal kernels
s1l[〈Φm|, θ].
Application. We apply the above scheme on the basis
of a set made out of arbitrary Bogoliubov states [1, 14].
This particular choice is characteristic of state-of-the-
art (symmetry-restored) GCM calculations in nuclear
physics.
Each member |Φk〉 of M is defined as a vacuum,
i.e. ∀µ, β[k]µ |Φk〉 = 0, of the set of quasi-particle oper-
ators {β[k]µ ;β[k]†µ }. These creation and annihilation op-
erators relate to those defining a basis {cp; c†p} of the
n-dimensional one-body hilbert space H1 via a linear Bo-
goliubov transformation(
β
β†
)
[k]
≡ W†[k]
(
c
c†
)
≡
(
U† V †
V T UT
)
[k]
(
c
c†
)
, (14)
where the unitarity of the 2n × 2n matrix W[k] ensures
the fermionic character of the quasi-particle operators.
The above procedure actually defines |Φk〉 only up to a
complex phase [14, 21].
Given |Φk〉 and |Φl〉, the operator S[k, l] parameteriz-
ing their unitary connection is a generic hermitian one-
body operator reading, in the quasi-particle basis of an
arbitrary third state |Φm〉, as
S[k, l] ≡ S00[k, l][m] + 1
2
Tr
(
S11[k, l][m]
)
(15)
+
1
2
(
β† β
)
[m]
(
S11[k, l] S20[k, l]
−S02[k, l] −S11∗[k, l]
)
[m]
(
β
β†
)
[m]
where S00[k, l][m] is a real number, S
11[k, l][m]
is a hermitian matrix whereas S20[k, l][m] and
S02[k, l][m] denote skew-symmetric matrices satisfy-
ing S02[k, l][m] = (S
20[k, l][m])
∗. The non-trivial part of
the operator S[k, l] is uniquely extracted [19] from the
sole knowledge of the Bogoliubov transformations W[k]
and W[l], i.e. it reads in the quasi-particle basis of |Φk〉
as (
S11[k, l] S20[k, l]
−S02[k, l] −S11∗[k, l]
)
[k]
= i log(W†[l]W[k]) . (16)
Following the algorithm layed down above, only the
N − 1 operators S[1, l] are effectively needed. Their off-
diagonal kernels s1l[〈Φm|, θ] along the auxiliary manifold
M[1, l] can be unambiguously computed on the basis of
the off-diagonal Wick theorem [22]. Fixing the constant
S00[1, l][1] entering S[1, l] via the application of Eq. (12),
the entries on the first row of the norm matrix (Eq.(11))
are thus obtained under the form
N1l
N11 = e
−=m 12
∫ 1
0
dφTr(S02[1,l][1]R−−1l [〈Φ1|,φ]) , (17)
where the elementary off-diagonal contraction defined as
(
R−−1l [〈Φ1|, φ]
)
k1k2
≡ 〈Φ1|β
[1]
k1
β
[1]
k2
|Φ1l(θ)〉
〈Φ1|Φ1l(θ)〉 , (18)
is computable from W[1] and W[l] [19]. Eventually, the
norm matrix can be completed via a similar specification
of Eq. (13) that requires the introduction of the elemen-
tary contraction R−−1l [〈Φm|, φ]. The Onishi formula [15]
is recovered for each entry by taking the norm of the
corresponding expression [19].
The overlap between two arbitrary Bogoliubov prod-
uct states can be alternatively computed as the Pfaffian
of a skew-symmetric matrix [16–18]. This result relies
on the Thouless representation [23] of the Bogoliubov
states and, as such, relates to a phase convention, i.e.
∀ k,Arg(〈0|Φk〉) = 1, that differs from the one presently
used. This is interesting to demonstrate that, while im-
pacting individual overlaps, the overall phase convention
does not influence output observables. All is needed is
an internally consistent computation of the entries to the
norm and Hamiltonian matrices.
Toy model. The method is numerically implemented
on the basis of a set M ≡ {|Φ1〉, |Φ2〉, |Φ3〉} of three
different Bogoliubov states. The associated norm matrix
reads as
N ≡
〈Φ1|Φ1〉 〈Φ1|Φ2〉 〈Φ1|Φ3〉〈Φ2|Φ1〉 〈Φ2|Φ2〉 〈Φ2|Φ3〉
〈Φ3|Φ1〉 〈Φ3|Φ2〉 〈Φ3|Φ3〉
 . (19)
The Bogoliubov transformation associated with |Φk〉
presently reads as
W[k] ≡ L[k] W¯[k] ≡
(
L 0
0 L∗
)
[k]
(
U¯ V¯ ∗
V¯ U¯∗
)
[k]
, (20)
where L denotes a random n × n complex unitary ma-
trix transforming the ten-dimensional, i.e. n = 10, basis
of H1 made out of five doubly-degenerated single-particle
levels. Following L[k], W¯[k] is a BCS transformation char-
acterized by the set of real 2× 2 blocks of the form
U¯[k](p, p¯) ≡
(
+up[k] 0
0 +up[k]
)
, (21a)
4〈Φ1|Φ1〉〈Φ1|Φ2〉〈Φ1|Φ3〉
〈Φ2|Φ3〉
〈Φ3|Φ2〉
〈Φ1|Φ2〉Pf.
〈Φ1|Φ3〉Pf.
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(b)
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FIG. 1. (Color online) Upper panel: complex overlaps making
up the 3 × 3 norm matrix represented. Squares denote val-
ues obtained from the Pfaffian method whereas circles denote
those obtained from the present method. The lines provide
the auxiliary pathes followed from one overlap to the other,
starting from 〈Φ1|Φ1〉 = 1. Lower panel: eigenvalues of the
norm matrix obtained on the basis of the Pfaffian method
against those obtained with the present method.
V¯[k](p, p¯) ≡
(
0 +vp[k]
−vp[k] 0
)
, (21b)
where p¯ denotes the conjugated partner of p and where
u2p[k]+v
2
p[k] = 1. The BCS occupations v
2
p[k], p = 1, . . . 5,
are decreasingly chosen in the interval ]0, 1[ to mimic a
realistic fully paired system. Even though, for the sake
of simplicity, fully paired states are presently considered,
the validity of the method has been checked for Bogoli-
ubov states containing an even or odd number of fully
occupied single-particle states.
Results. The upper panel of Fig. 1 displays in the
complex plane individual overlaps making up the norm
matrix. Squares represent the results obtained from the
K
K1
K2
〈Φ1|Φ1〉〈Φ1|Φ2〉
FIG. 2. (Color online) Overlap 〈Φ1|Φ2〉 represented in the
complex plane. The color lines correspond to the increment
integration along the auxiliary manifolds linking both states
obtained without (full red line) and with (dashed blue and
dotted green lines) additional trivial Bogoliubov transforma-
tions K1 and K2. The n× n unitary matrices K1 and K2 are
randomly generated. As many different pathes as required
can be generated in this way.
Pfaffian method whereas circles denote those computed
from the presently proposed method. Thick lines pro-
vide the auxiliary pathes followed from one overlap to
the other, starting from 〈Φ1|Φ1〉 = 1. Consistently with
the scheme exposed above, all the overlaps involving the
pivot state |Φ1〉 are real, which is not the case for the
Pfaffian method. Interestingly, the complex conjugate
values 〈Φ2|Φ3〉 and 〈Φ3|Φ2〉 are consistently obtained by
going through |Φ2〉 or |Φ3〉 first. Three circles help visual-
ize that, while individual overlaps differ in both methods
because of the distinct phase conventions used, they only
do so by a complex phase. Eventually, the lower panel
demonstrates that the eigenvalues of the norm matrix ob-
tained from both methods are identical, thus showing the
consistency of both calculations and the independence of
the result on the phase convention used.
The derivation of Eq. (9) relied on the hypothesis that
nkl[〈Θ|, θ] 6= 0 along M[k, l]. In the present application,
it is clear from Fig. 1 that this hypothesis is indeed ful-
filled for all the overlaps involved. There however exists
situations, e.g. global-gauge symmetry restoration calcu-
lations, in which it is not the case [19]. To overcome this
apparent difficulty, one can perform an extra trivial Bo-
goliubov transformation of the quasi-particle operators
5of, e.g. |Φk〉, among themselves(
β˜
β˜†
)
[k]
≡ K†[k]
(
β
β†
)
[k]
=
(
K† 0
0 KT
)
[k]
(
β
β†
)
[k]
,
(22)
where K is a n × n unitary matrix. Maintaining the
constraint from the phase convention, such a trivial Bo-
goliubov transformation modifies non-trivially the oper-
ator S[k, l] and the auxiliary manifold linking both states
without changing their overlap [19]. Figure 2 illustrates
this powerful flexibility of the method that can be used
to bypass rare problems associated with potential zeros
of the overlap along the path linking both states.
Conclusions. The present paper proposes a power-
ful method to compute the overlap between many-body
states belonging to a setM used to represent the A-body
Schro¨dinger equation. Solving the corresponding secular
equation requires the evaluation of the norm matrix and
thus the capacity to compute its entries consistently and
without any phase ambiguity. This is not always a trivial
task, e.g. it remained a long-standing problem for meth-
ods based on general Bogoliubov product states in used
in nuclear physics. While a solution to this problem was
found recently [16–18], the presently proposed method
provides an alternative that can be generically applied to
other classes of states of interest in many-body physics.
The overlap of any two states belonging toM is given
as the exponential of the integral of the off-diagonal
linked-connected kernel of an operator along an auxil-
iary continuous set joining both states. Such a linked-
connected kernel is free from any phase ambiguity. The
operator in question, which needs to be known or ex-
tracted during the procedure, is the hermitian generator
of a unitary transformation connecting both states.
In the present paper, the algebra is specified for sets
made out of Bogoliubov states and numerically illus-
trated on the basis of a toy model. In this context, the
overlap between arbitrary Bogoliubov states is computed,
without any phase ambiguity, via elementary linear alge-
bra operations. The numerical application nicely demon-
strates the versatility of the method.
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